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1. Introduction

It is quite difficult to give analytical solutions of dynamical responses in non-linear dynamical
systems. With computers expansively used in science, numerical simulations as a useful tool play a
very important role on obtaining dynamical responses in non-linear dynamics, which help one
understand complexity in nature. However, the current digital computation is very passive, and
the approximation-based algorithms cannot provide all possible complicated responses existing in
dynamical systems, such as regular and chaotic motions caused by bifurcation and grazing etc.
This is also partially because of the singularity of solutions for the complicated dynamical
responses. Numerical simulations may find one of all possible solutions, but this solution may not
belong to the same solution branch because the singularity will lead to jumping or catastrophe
phenomena. The objective of this technical note is to find the symmetrical structure of solutions
for regular and chaotic motions in non-linear dynamical systems through the symmetry of
mapping structures. Once one of solutions in such non-smooth dynamical systems is obtained by
a numerical or analytical approach, another symmetrical solution can be directly predicted
through the solution symmetry property given in this technical note. In 1970, Masri [1] observed
the asymmetrical motion in the impact damper system and the rigorous stability analysis was
conducted as well. In 1990, Li et al. [2] used a numerical approach to get one of the asymmetrical
solutions for the impacting oscillator. In 2002, Luo [3] introduced a time-interval approach to
obtain two asymmetrical solutions analytically, and it was observed that the symmetry of two
solutions exists. However, the time-interval approach cannot be very efficient for higher-order
periodic motions. Once the motion becomes more complicated, it is absolutely necessary to
investigate the symmetry of solutions in such non-smooth dynamical systems for obtaining all
possible motions more efficiently. Therefore, in this technical note, the symmetry of solutions in
non-smooth dynamical systems with two symmetrical constraints is investigated to obtain all
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possible stable and unstable motions. It is found that an invariant transformation exists in regular
and chaotic motions relative to skew-symmetrical mapping pairs in symmetrical systems with
harmonic excitations. Only the main results are presented without any proofs in this technical note.

2. Problem statement

Consider a two-dimensional dynamic system consisting of three sub-systems in a domain
OCR2 that is divided into three sub-domains Op ðp ¼ 1; 2; 3Þ by a symmetrical constraint xq ¼
7E; q ¼ 1 or 2; and O ¼

S3
p¼1 Op as shown in Fig. 1. For the pth domain, there is a continuous

system in form of

’x ¼ fðpÞðx; lpÞ þ gðx;j; pÞ; x ¼ ðx1; x2Þ
TAOp; ð1Þ

where g ¼ ðg1; g2Þ
T are bounded, periodic functions with phase variable j ¼ Ot and a parameter

vector p ¼ ðp1;p2;y;pmÞ
TARm and the corresponding period is T ¼ 2p=O: The fðpÞ ¼

ðf ðpÞ
1 ; f ðpÞ

2 ÞTAR2 with system parameter vector lp ¼ ðmp1; mp2;y;mpnÞ
TARn are Cr-continuous

ðrX2Þ: In all sub-domains Op ðp ¼ 1; 2; 3Þ; the dynamical system in Eq. (1) is continuous and there
is a continuous flow expressed by

xðpÞðtÞ ¼ UðpÞðxðpÞðt0Þ; t;lp; pÞ and xðpÞðt0Þ ¼ UðpÞðxðpÞðt0Þ; t0;lp; pÞ: ð2Þ

In this note, the following assumptions will be considered:

A1: This system possesses time-continuity.
A2: For a unbounded domain Op; the vector field and the corresponding flow are bounded, i.e.,

jjfðpÞjj þ jjgjjpK1 ðconstÞ on Op and jjUðpÞjjpK2 ðconstÞ for tA½0;NÞ: ð3Þ

A3: For a bounded domain Op; the vector field and the corresponding flow are bounded at finite
time, i.e.,

jjfðpÞjj þ jjgjjpK1ðconstÞ on Op and jjUðpÞjjoN for tA½0;NÞ: ð4Þ

A4: The dynamical system is symmetrical in the symmetrical domains.
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A5: The entire flow at least is C1-continuous or there is a transport law to connect two flows in
two different domains.

3. Switching planes and mappings

For description of motion in Eq. (1), two switching sections (or sets) are

S7 ¼ fðti; yiÞjxk ¼ 7E; y � xj; jakAf1; 2gg ð5Þ

and two singular points are

G7 ¼ fðti; 0Þjxk ¼ 7E; y � xj ¼ 0; jakAf1; 2gg: ð6Þ

The two sets are decomposed as

Sþ ¼ Sþ
þ,Sþ


,Gþ and S
 ¼ S

þ,S



,G
; ð7Þ

where four subsets are defined as

Sþ
þ ¼ fðti; yiÞjxk ¼ E; y � xj > 0; jakAf1; 2gg;

Sþ

 ¼ fðti; yiÞjxk ¼ E; y � xjo0; jakAf1; 2gg; ð8Þ

S

þ ¼ fðti; yiÞjxk ¼ 
E; y � xj > 0; jakAf1; 2gg;

S


 ¼ fðti; yiÞjxk ¼ 
E; y � xjo0; jakAf1; 2gg: ð9Þ

From four subsets, six basic mappings are

P1 : Sþ
þ-Sþ


; P2 : Sþ

-Sþ

þ; P3 : Sþ

-S



;

P4 : S


-Sþ


; P5 : Sþ

-S



; P6 : Sþ

-Sþ

þ; ð10Þ

for x1 ¼ 7E; and

P1 : Sþ

-Sþ

þ; P2 : Sþ
þ-Sþ


; P3 : Sþ
þ-S


þ;

P4 : S

þ-S



; P5 : S


-S


þ; P6 : S


-Sþ


 ð11Þ

for x2 ¼ 7E:
From the definition of mappings, the mappings Pq ðq ¼ 1; 2; 4; 5Þ relative to one switching

section are termed the local mapping, and the mappings Pq ðq ¼ 3; 6Þ relative to two switching
sections are termed the global mapping. The global mapping transports the motion from one
switching section into another switching section. The local mapping is the self-mapping in the
corresponding switching section. Six mappings are illustrated in Fig. 2.
To describe the complicated motion, the mapping structure of dynamical systems in Eq. (1) is

used herein. For simplicity, the notation for mapping is introduced as

Pn1n2?nk
� Pn13Pn23?3Pnk

; ð12Þ

where Pni
AfPqjq ¼ 1; 2;y; 6g and ni ¼ f1; 2;y; 6g: Note that the rotation of the mapping of

periodic motion in order gives the same motion (i.e., Pn1n2?nk
;Pn2?nkn1 ;y;Pnkn1?nk
1

), and only
the selected Poincar!e mapping section is different. The motion of the m-time repeating of mapping
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Pn1n2?nk
is defined as

Pm
n1n2?nk

� ðPn13Pn23?3Pnk
Þ3?3ðPn13Pn23?3Pnk

Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m-sets

: ð13Þ

To extend this concept to the local mapping, define

Pm
15 � ðP13P5Þ3?3ðP13P5Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m-sets

and Pm
36 � ðP33P6Þ3?3ðP33P6Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m-sets

: ð14Þ

For the special combination of global and local mapping, introduce a mapping structure

Pn1n2?ðninl Þ
m?nk

�Pn13Pn23?3Pm
ninl

3?3Pnk

¼Pn13Pn23?3 ðPni
3Pnl

Þ3?3ðPni
3Pnl

Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m-sets

3?3Pnk
: ð15Þ

From the definition, the motion for Eq. (1) can be very easily described through its mapping
structure accordingly.

4. Main results

The initial and final times (ti and tiþ1) are used for all the mappings in Eqs. (10) or (11), and the
corresponding phases are ji ¼ Oti and jiþ1 ¼ Otiþ1: Eq. (2) gives

xðpÞðtiþ1Þ ¼ UðpÞðxðpÞðtiÞ; tiþ1; lp;pÞ or xðpÞðjiþ1Þ ¼ UðpÞ
1 ðxðpÞðjiÞ;jiþ1; lp;pÞ: ð16Þ

From the foregoing equation, with a notation yi � ðji; yiÞ
T; the governing equations for mappings

from P1 to P6 can be written down as

yiþ1 ¼ Pqyi 3 FðqÞðji; yi;jiþ1; yiþ1; lp;pÞ ¼ 0; ð17Þ

where p ¼ 1 (or 3) for q ¼ 1 (or 4) and p ¼ 2 for qAf2; 3; 5; 6g: From Assumption A4, l1 ¼ l3

since the system is symmetric.
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Definition 1. Under a transformation TP : Pq-Pmodðqþ2;6Þþ1 during ð2M þ 1Þ-periods with

jðmodðqþ2;6Þþ1Þ
i ¼ jðqÞ

i þ ð2M þ 1Þp and y
ðmodðqþ2;6Þþ1Þ
i ¼ 
y

ðqÞ
i ; ð18Þ

if a relation

Fðmodðqþ2;6Þþ1Þðjðmodðqþ2;6Þþ1Þ
i ; yðmodðqþ2;6Þþ1Þ

i ;jðmodðqþ2;6Þþ1Þ
iþ1 ; yðmodðqþ2;6Þþ1Þ

iþ1 ;lp; pÞ

¼ 
FðqÞðjðqÞ
i ; yðqÞi ;jðqÞ

iþ1; y
ðqÞ
iþ1; lp;pÞ ð19Þ

holds where p ¼ 1 for qAf1; 4g and p ¼ 2 for qAf2; 3; 5; 6g; then the mapping pair
ðPq;Pmodðqþ2;6Þþ1Þ is skew-symmetric. If a mapping pair is relative to the local
(or global) mapping, such a mapping pair is termed the local (or global) skew-symmetric
mapping pair.

Note that integer M � 0; 1; 2;y and modð . ; . Þ is the modulus function.

Theorem 1. The six mappings Pq ðq ¼ 1; 2;y; 6Þ for the dynamical system in Eq. ð1Þ are invariant
under the two actions of a transformation TP; i.e., TP3TP : Pq-Pq:

When the six mappings go through the singular points, switching bifurcation may occur. Once
switching exists, the motion models switches from an old motion to a new motion and the
corresponding mapping structures are changed as well. The mapping structures for the post-
switching of mapping Pq ðq ¼ 1; 2;y; 6Þ are

Pq "
switching

switching
Pq3Pqþ13Pq for ðq ¼ 1; 2; 4; 5Þ;

Pq "
switching

switching
Pq3Pmodðqþ1;6Þ3Pmodðqþ4;6Þ for ðq ¼ 2; 5Þ;

Pq "
switching

switching
Pq
13Pq
23Pq for ðq ¼ 3; 6Þ;

Pq "
switching

switching
Pq3Pmodðqþ1;6Þ3Pmodðqþ2;6Þ for ðq ¼ 3; 6Þ: ð20Þ

From the above discussion, the invariance of the post-switching under the transformation TP is of
great interest. The grazing is a special phenomenon of the switching. Therefore, we have the
following theorem.

Theorem 2. For mappings Pq ðq ¼ 1; 2;y; 6Þ for the dynamical system in Eq. ð1Þ; if the mapping

pair ðPq;Pmodðqþ2;6Þþ1Þ is skew-symmetric with a transformation in Eq. ð18Þ; the post-switching
mapping pair is still skew-symmetric with the same transformation.

Since the symmetry invariance of the post-switching of mapping exists, it implies that the
combination of the mapping Pq ðq ¼ 1; 2;y; 6Þ possesses a symmetry invariance under the
transformation TP in Eq. (18). Therefore, to determine such a symmetrical invariance, a theorem
is presented as follows.
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Theorem 3. For mappings Pq ðq ¼ 1; 2;y; 6Þ for the dynamical system in Eq. ð1Þ; if the mapping
pair ðPq;Pmodðqþ2;6Þþ1Þ under ð2M þ 1Þ-periods is skew-symmetric with transformation in Eq. (18),
then the following two mappings,

P6ð45Þmk2 43ð12Þmk1 13?3P6ð45Þmk2 43ð12Þmk1 1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðk
1Þ-actions

and P3ð12Þmk2 16ð45Þmk143?3P3ð12Þmk2 16ð45Þmk1 4|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðk
1Þ-actions

;

are a skew-symmetric mapping pair under the same transformation as in Eq. (18).

We have discussed the symmetry invariance of combined mapping structures. The following
theorems will discuss the solution symmetrical structures. First of all, the symmetrical solution
relative to a symmetrical mapping P6ð45Þm43ð12Þm1 is discussed first, and then the corresponding,
asymmetrical solution is investigated.

Theorem 4. Consider a non-smooth dynamical system with two symmetrical constraints in Eq. (1)
with six mappings Pq ðq ¼ 1; 2;y; 6Þ: If the following two properties exist: C1: Pq ðq ¼ 1; 2; 4; 5Þ are
local mappings, and Pq (q ¼ 3 and 6) are global mappings, and C2: the mapping pair

ðPq;Pmodðqþ2;6Þþ1Þ is skew-symmetric, then the symmetrical solution relative to a mapping
P6ð45Þm43ð12Þm1y ¼ y under N-periods with a periodicity condition

yiþ4mþ4 ¼ yi or ðOtiþ2mþ4; yiþ2mþ4Þ
T � ðOti þ 2Np; yiÞ

T ð21Þ

possesses a solution structure

modðjiþj; 2ð2M þ 1ÞpÞ

¼ modðð2M þ 1Þpþmodðjiþmodð2mþ2þj;4mþ4Þ; 2ð2M þ 1ÞpÞ; 2ð2M þ 1ÞpÞ;

yiþj ¼ 
yiþmodð2mþ2þj;4mþ4Þ ð22Þ

for j ¼ f0; 1;y; 4m þ 3g:

The foregoing theorem discussed the symmetrical solutions of period-1 motion associated with
the mapping P6ð45Þm43ð12Þm1: This structure is quite stable. For instance if one investigated the
symmetrical period-1 motion of impacting oscillators (e.g., [4–7]), then one may think that this
motion may have period-doubling bifurcation. In fact, no period-doubling bifurcation exists (e.g.,
Ref. [3,8]). The symmetrical motion will convert into the asymmetrical period-1 motion with the
same mapping structures through the first saddle-node bifurcation and an unstable region. The
solution symmetry for such an asymmetrical period-1 motion is presented in the following
theorem.

Theorem 5. Consider a non-smooth dynamical system with two symmetrical constraints in Eq. (1)
with six mappings Pq ðq ¼ 1; 2;y; 6Þ: If the following two properties exist: C1:Pq ðq ¼ 1; 2; 4; 5Þ are

local mappings, and Pq (q ¼ 3 and 6) are global mappings, and C2: the mapping pair
ðPq;Pmodðqþ2;6Þþ1Þ is skew-symmetric, then the two branches of solutions for asymmetrical, periodic

and chaotic motions relative to a mapping

P6ð45Þm43ð12Þm13?3P6ð45Þm43ð12Þm1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2k

y ¼ y ðk ¼ 0; 1;y;NÞ
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under N-periods with periodicity condition (i.e., yiþ2kþ2ðmþ1Þ ¼ yi) possess a solution relation

modðjI
iþ4rðmþ1Þþj; 2ð2M þ 1ÞpÞ

¼ modðð2M þ 1ÞpþmodðjII
iþrðmþ1Þþmodð2mþ2þj;4mþ4Þ; 2ð2M þ 1ÞpÞ; 2ð2M þ 1ÞpÞ;

yIiþrð4mþ4Þþj ¼ 
yIIiþ4rðmþÞþmodð2mþ2þj;4mþ4Þ ð23Þ

for all r ¼ f1;y; 2kg and j ¼ f0; 1;y; 4m þ 3g: Superscripts (I, II) denote two asymmetrical

solutions.

Theorem 6. Consider a non-smooth dynamical system with two symmetrical constraints in Eq. (1)
with six mappings Pq ðq ¼ 1; 2;y; 6Þ: If the following two properties exist: C1: Pq ðq ¼ 1; 2; 4; 5Þ are
local mappings, and Pq (q ¼ 3 and 6) are global mappings, and C2: the mapping pair

ðPq;Pmodðqþ2;6Þþ1Þ is skew-symmetric, then the solutions for regular and chaotic motion relative to
two mapping equations

P6ð45Þm2 43ð12Þm113?3P6ð45Þm243ð12Þm1 1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2k

y ¼ y

and

P6ð45Þm1 43ð12Þm2 13?3P6ð45Þm1 43ð12Þm2 1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2k

y ¼ y ðk ¼ 0; 1;y;NÞ

under N-periods with periodicity condition yiþ2kþ1ðm2þm1þ2Þ ¼ yi satisfy the following relations:

modðjI
iþ2rðm1þm2þ2Þþj; 2ð2M þ 1ÞpÞ

¼ modðð2M þ 1ÞpþmodðjII
iþ2rðm1þm2þ2Þþmodð2m1þ2þj;2ðm1þm2þ2ÞÞ; 2ð2M þ 1ÞpÞ; 2ð2M þ 1ÞpÞ;

yI
iþ2rðm1þm2þ2Þþj ¼ 
yIIiþ2rðm1þm2þ2Þþmodð2m1þ2þj;2ðm1þm2þ2ÞÞ; ð24Þ

or

modðjII
iþ2rðm1þm2þ2Þþj; 2ð2M þ 1ÞpÞ

¼ modðð2M þ 1ÞpþmodðjI
iþ2rðm1þm2þ2Þþmodð2m1þ2þj;2ðm1þm2þ2ÞÞ; 2ð2M þ 1ÞpÞ; 2ð2M þ 1ÞpÞ;

yII
iþ2rðm1þm2þ2Þþj ¼ 
yIiþ2rðm1þm2þ2Þþmodð2m1þ2þj;2ðm1þm2þ2ÞÞ ð25Þ

for all r ¼ f1;y; 2kg and j ¼ f0; 1;y; 4m þ 3g: The superscripts (I, II) represent the two mapping
structures.

The above results can be generalized in the following theorem.

Theorem 7. Consider a non-smooth dynamical system with two symmetrical constraints in Eq. ð1Þ
with six mappings Pq ðq ¼ 1; 2;y; 6Þ: If the following two properties exists: C1: Pq ðq ¼ 1; 2; 4; 5Þ
are local mappings, and Pq (q ¼ 3 and 6) are global mappings, and C2: the mapping pair
ðPq;Pmodðqþ2;6Þþ1Þ are skew-symmetric, then the solutions for regular and chaotic motion relative to
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two mappings

P6ð45Þmk2 43ð12Þmk1 13?3P6ð45Þmi2 43ð12Þmi1 13?3P6ð45Þm1243ð12Þm111|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
k

y ¼ y

and

P6ð45Þmk143ð12Þmk2 13?3P6ð45Þmi143ð12Þmi2 13?3P6ð45Þm1143ð12Þm121|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
k

y ¼ y ðk ¼ 0; 1;y;NÞ

under N-periods with periodicity condition y
iþ
Pk

z¼1
ð2ms2þ2ms2þ4Þ

¼ yi for a specific r ¼ f1; 2;y; kg;
are

mod jI

iþ2
Pr
1

s¼1

ðms2þms2þ2Þþj

; 2ð2M þ 1Þp

0
B@

1
CA

¼ mod ð2M þ 1Þpþmod jII

iþ2
Pr
1

s¼1

ðms2þms2þ2Þþmodð2mr1þ2þj;2ðmr1þmr2þ2ÞÞ
; 2ð2M þ 1Þp

0
B@

1
CA; 2ð2M þ 1Þp

0
B@

1
CA;

yI

iþ2
Pr
1

s¼1

ðms2þms2þ2Þþj

¼ 
yII

iþ2
Pr
1

s¼1

ðms2þms2þ2Þþmodð2mr1þ2þj;2ðmr1þmr2þ2ÞÞ
; ð26Þ

or

mod jII

iþ2
Pr
1

s¼1

ðms2þms2þ2Þþj

; 2ð2M þ 1Þp

0
B@

1
CA

¼ mod ð2M þ 1Þpþmod jI

iþ2
Pr
1

s¼1

ðms2þms2þ2Þþmodð2mr1þ2þj;2ðmr1þmr2þ2ÞÞ
; 2ð2M þ 1Þp

0
B@

1
CA; 2ð2M þ 1Þp

0
B@

1
CA;

yII

iþ2
Pr
1

s¼1

ðms2þms2þ2Þþj

¼ 
yI

iþ2
Pr
1

s¼1

ðms2þms2þ2Þþmodð2mr1þ2þj;2ðmr1þmr2þ2ÞÞ
; ð27Þ

where j ¼ f0; 1;y; 4m þ 3g:

5. Conclusion

In this technical note, the symmetry of solutions in non-smooth dynamical systems with two
symmetrical constraints is discussed. The grazing does not change the symmetry invariance of
mapping structures in such dynamical systems, and the periodic and chaotic motions in such a
dynamical system possess the same symmetry invariance as the basic mappings. Based on this
investigation, the group structure of mapping combination exists. Thus, further investigations of
this issue should be carried out. This theory can be applied to piecewise, linear and non-linear
systems, impacting oscillator systems, friction-induced vibration systems, etc.
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